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Abstract. In this paper, a histogram fuzzy clustering technique (HFC) has been proposed. 
The technique is designed specifically for one-dimensional data clustering. HFC is 
composed of two main components: trapezoidal cluster approximation, and bin width 
determination. By conducting experiments on two sets of real-world petroleum data, the 
effectiveness ofHFC and the Fuzzy c-Means Clustering technique has been compared. It is 
found that the performance ofHFC and FCMC varies across different sets of data. In some 
data, HFC can perform significantly better than FCMC. It is concluded that despite its 
limitation to clustering only one-dimensional data, HFC can be very useful in the rules 
extraction problem domain, especially in clustering the output space, which can be assumed 
to be always one-dimensional. Several other advantages of HFC, namely the technique is 
straightforward and computational efficient, are also discussed in the paper 
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1 Introduction 

Fuzzy clustering plays an important role in a wide range of areas such as pattern 
recognition and fuzzy rule extraction. Given a set of data, clustering techniques 
partition the data into several groups such that the degree of association is strong 
within one group and weak for data in different groups. Classical clustering 
techniques result in crisp partitions where each data can belong to only one 
partition. Fuzzy clustering extends this idea to allow data to belong to more than 
one group. The resulting partitions are therefore fuzzy partitions. Each cluster 
(partition) is associated with a membership function that expresses the degree to 
which individual data belongs to the cluster. 
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Of all fuzzy clustering methods, Fuzzy c-Means clustering (FCMC) remains 
predominant in the literature [1]. The algorithm for FCMC will be discussed in 
section 2.0. The FCMC algorithm relies on the user to specify the number of 
clusters present in the set of data to be clustered. This can be a serious drawback 
since the number of clusters in the dataset is not always known in advance. In 
general, the determination ofthe number of clusters is one of the important issues 
in clustering. There are a reasonable amount of studies on this issue [1]. In [2], 
FCMC is used, in conjunction with the technique proposed in [3] (referred to as 
SC technique hereafter), for rule extraction. The algorithms for both FCMC and 
the SC techniques are iterative (see section 3.0 for detailed discussion of SC). 
Depending on the size of the data, the combination of the FCMC and SC can be 
computationally intensive. 

Whereas FCMC is designed to be an efficient tool that is capable of clustering 
multi-dimensional data, the unnecessary complexity of FCMC and SC maybe 
undesirable for data with a small number of dimensions. In this paper, we propose 
a histogram-based clustering tool that is designed specifically for one-dimensional 
data clustering. The method is straightforward, computationally non-intensive, 
and can be used on clustering problem where the number of clusters in the dataset 
is not known in advance. Apart from that, the method results in trapezoidal 
clusters that can be readily used for rule extraction techniques. Despite the 
limitation of the method in clustering only one-dimensional data, it can be a useful 
tool in rule extraction techniques, especially in clustering the output space, which 
can be assumed to be always one-dimensional. The method is named Histogram 
Fuzzy Clustering, abbreviated as HFC. 

The FCMC and SC techniques are described in sections 2.0 and 3.0 respectively. 
This is then followed by the discussion of histograms in section 4.0. The HFC 
consists of two main components: trapezoidal cluster approximation, and bin 
width determination. The two components are discussed in section 5.0 and section 
6.0 respectively. Section 7.0 discusses the experiments conducted to compare the 
HFC and FCMC (with SC). This is followed by the conclusion in section 8.0. 

2 Fuzzy c-Means Clustering 

Given a set of data, Fuzzy c-Means clustering (FCMC) performs clustering by 
iteratively searching for a set of fuzzy partitions and the associated cluster centers 
that represent the structure of the data as best as possible. The FCMC algorithm 
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relies on the user to specify the number of clusters present in the set of data to be 
clustered. Given the number of cluster c, FCMC partitions the data X = 
{x~,x2, ... ,xn} into c fuzzy partitions by minimizing the within group sum of 
squared error objective function as follows ( eqn 2.1 ). 

n c 

Jm(U,V) = II(U;k)m II xk -v; 11 2 , 1 ~ m ~ oo (2.1) 
k=l i=l 

where Jm(U,V) is the sum of squared error for the set of fuzzy clusters represented 
by the membership matrix U, and the associated set of cluster centers V. 11-11 is 
some inner product-induced norm. In the formula, llxk - vill 2 represents the 
distance between the data xk and the cluster center Vj. The squared error is used as 
a performance index that measures the weighted sum of distances between cluster 
centers and elements in the corresponding fuzzy clusters. The number m governs 
the influence of membership grades in the performance index. The partition 
becomes fuzzier with increasing m and it is proven that the FCMC algorithm 
converges for any m E (1 ,oo) [ 1]. The necessary conditions for eqn 2.1 to reach its 
minimum are 

Vi, \!k (2.2) 

and 

n 

l:CU;k)m xk 
v. = _,k.==l,__ ___ _ 

' n 
(2.3) 

Icuikr' 
k=l 

In each iteration of the FCMC algorithm, matrix U is computed using eqn 2.2 and 
the associated cluster centers are computed as eqn 2.3. This is followed by 
computing the square error in eqn 2.1. The algorithm stops when either the error 
is below a certain tolerance value or its improvement over the previous iteration is 
below a certain threshold. 
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3 Number of Clusters Determination with the SC 
Technique 

The SC technique was proposed by Fukuyama and Sugeno [3] as a method of 
choosing the number of clusters for fuzzy c-means clustering. The optimal 
number of clusters in a set of data is determined by means of the following 
criterion: 

n c 

S(c) = LL(U;k)m (II xk- V; 11 2 -II V;- X 11 2 )2 < c < n (3.1) 
k=i i=i 

where n is the number of data points to be clustered; c is the number of clusters; xk 
is the k1h data, X is the average of data; v1 is the ith cluster center; U1k is the 
membership degree of the l(h data with respect to the lh cluster and m is the fuzzy 
exponent as described in section 2.0. The number of clusters, c, is determined so 
that S(c) reaches a local minimum as c increases. The terms II xk- v1 II and II vi- x II 
represent the variance in each cluster and variance between clusters respectively. 
Therefore, the optimal number of clusters is found by minimizing the distance 
between data to the corresponding cluster center and maximizes the distance 
between data in different clusters. 

4 Histogram as a Clustering Tool 

One of the inexpensive ways to describe the frequency distribution of a set of data 
is by using a histogram. The X-axis of the graph shows a set of non-overlapping 
intervals, called bins. The bin counts (i.e. the number of data whose value falls in 
a particular bin) are shown on the Y -axis. 

The use of histograms for clustering can be traced as early as the 1960's [ 4]. The 
histogram has continued to be a useful clustering tool in the image processing 
literature [5, 6]. Theoretically, for each cluster in the data set, the histogram will 
reveal a peak. A peak suggests the existence of a cluster center where the density 
of the area is high. It is reasonable to assume that the data in a cluster has a 
normal distribution. Following the assumption, the density of data decreases as 
we move away from a peak. A set of consecutive bars with similar heights in the 
histogram suggests a certain level of cylindricity in the area (i.e., a cluster whose 
distribution is less affected by the input). Bars that are low in bin counts and 
significantly removed from the others are termed outliers. They can be caused by 
noise in the data samples and are potential candidates to be ignored or removed 
from the data set. 
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Different choices of bin widths affect the structure of the histogram drastically. A 
large bin width causes the histogram to obscure important details of the data. In 
this case, multiple clusters are likely to be merged and shown as a single peak. As 
the bin width grows smaller, the histogram becomes more sensitive to the noise in 
the data. The noise, together with the data, will begin to form false peaks and 
eventually the histogram will reveal more peaks than the number of actual clusters 
in the data. Often, the best choice of bin width is obtained through 
experimentation on a trial and error basis. A generic bin width that is suitable for 
all types of data is most difficult, if not impossible, to find. A reasonable amount 
of research has been devoted to designing techniques for histogram bin widths 
selection [7-9]. Unfortunately, a review of the methods suggests that most of 
them are either suitable for only certain types of data distribution, or too complex 
to implement. The method proposed in this paper for bin width selection is 
discussed in section 6.0. 

5 Trapezoidal Cluster Approximation 

The possibility of the use of histograms as clustering tools has been outlined in 
section 4.0. An algorithm for trapezoidal cluster approximation from histograms 
has been proposed in [12]. In the following, the 4-steps algorithm will be 
described. 

1. The first step in the cluster approximation is peak fmding. We define peaks 
as bins in the histogram that are higher than all their immediate neighboring 
bins. That is, bin(i) is considered a peak if: 

bin(i-1) < bin(i) > bin(i+ 1) 

Where bin(i) is the lh bin in the histogram. 

2. Given the peaks, the next step is to identify the plateau for each peak. An 
important parameter involved in the plateau identification is the vertical 
threshold vt. In general, neighboring bins of a peak are considered to be part 
of the plateau if the difference between their heights and the peak height is 
lower than vt. In other words, given the peak at bin(p), bin(i) is considered to 
be part of the plateau if bin(p)-bin(i) < vt. This is illustrated in figure 5.l(A) 
where the 2 neighboring bins on the right of the peaks are considered to be 
part of the plateau whereas the bins on the left are not. 
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3. The third step of the cluster approximation method is the trapezoidal bases 
approximation. Both the left and right bases for the trapezoidal clusters are to 
be estimated. To identify the left base, we start with the leftmost bin, i in the 
plateau and move towards the left direction to examine the left neighboring 
bins i-1, i-2, ... etc. We stop as soon as we find the first bin that is higher than 
its right neighboring bin, i.e. bin (i- (n+ 1)) >bin (i-n). In this case, bin (i
n) will be taken as the left trapezoidal base. Figure 5.1(A) illustrates the 
trapezoidal bases approximation. A similar algorithm is then applied to find 
the right base. Finally, the trapezoidal clusters are normalized to form convex 
normal fuzzy clusters. 

4. Up to this stage, we already have rough estimations of our trapezoidal 
clusters. The last step is the slope adjustment according to the Ruspini 
condition [10]. The process involves the adjustment of the slopes for each 
pair of neighboring clusters according to the following the condition ( eqn 
5.1): 

n 

IAJx) =1 (5.1) 
i=l 

Where x is an arbitrary value in the input range, n is the number of clusters in 
the dimension, and A, is the membership function of the ith fuzzy cluster. The 
physical slope adjustment is shown in figure 5.1(B). 

Figure 5.2 (a) and (b) shows a histogram and the trapezoidal clusters 
approximated using the algorithm described. 
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(B) 

Figure 5.1. (A) Plateau identification using the vertical threshold vt and trapezoidal base 
identification; (B) Adjusting the clusters according to the Rruspini condition 
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Figure 5.2. (A) Histogram (B) Approximated trapezoidal clusters 

6 Bin Width Determination 

Varying the number of bins in a histogram can introduce drastic changes to the 
histogram and the number of peaks. We remark that, the process of varying the 
bin width can be considered as a type of crisp smoothing to the histogram. The 
smaller the number of bins used, the smoother the histogram becomes and the less 
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peaks will be identified. In this section, a method that can be used to determine an 
optimal number of bins for histogram construction is discussed. 

Inspired by the SC technique, we propose the use of the following performance 
index (PI) as the criterion for bin-width selection. 

n 

PI= L W; -min( D) (6.1) 
i=l 

where n is the number of trapezoidal clusters approximated from the histogram, W; 

is the base width of the /h trapezoidal cluster, D={ d(i, i+ 1), d(i+ 1, i+ 2), ... d(n-
1,n) } is the set of distances between the centers of adjacent clusters. In general, 
the goal is to find a set of clusters that satisfy the following requirements: 

1. The data within a cluster is close to the cluster center. 

2. The cluster centers are far away from one another. 

The requirements are derived from the definition of a cluster itself. A local 
minimum of PI can be found using the following algorithm. 

1. Initialize the number of bins to a reasonably small number, n. 

2. Approximate trapezoidal clusters based on section 5.0. 

Let c(t) =number of clusters 

3. Calculate PI(t) with eqn 6.1. 

4. Do 

Do 

Increment the number of bins, n = n+ 1 

Until c(t) > c(t-1) 

Approximate trapezoidal clusters 

Let c(t) =number of clusters 

Calculate PI(t) 

Until PI(t) > PI(t-1) 

5. Let OptimalCluster = c(t) 

OptimalPI = PI(t) 



6. Do 

OptimalBin = n 

n =n+l 

Approximate trapezoidal clusters 

Let c(t) =number of clusters 

Calculate PI(t) 

IfPI(t) < OptimalPI and c(t) = OptimalCluster 

OptimalPI = PI(t) 

OptimalBin = n 

End 

While c(t) = OptimalCluster 
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Using an iterative approach, steps 1 - 5 determine the optimal number of clusters 
and the corresponding number of bins in the set of data. In each iteration, the 
number of bins, n, is incremented until the number of clusters in the histogram 
increments. The iteration stops when PI(t) > PI(t-1), that is, the performance 
index at time step t is larger than the performance index in the previous time step 
(t-1). At this stage, a local minimum for eqn 6.1 is reached. C(t-1) is considered 
to be the optimal number of clusters. 

Whereas the optimal number of clusters has been found, the number of bins is 
further fine-tuned in step 6. In this case, the goal is to identifY the number of bins 
that not only results in the optimal number of clusters in the histogram, but also 
minimizes PI. 

7 Experiments to Compare Histogram Fuzzy 
Clustering and Fuzzy c-Means Clustering 

To validate the effectiveness of the proposed technique, experiments have been 
conducted to compare the performance of HFC and FCMC used in conjunction 
with SC. The experiments are carried out with two sets of one-dimensionalal 
petroleum data. The data is described more thoroughly in section 7 .2. In the 
experiments, both HFC and FCMC (used in conjunction with SC) are applied on 
the same set of data. Given a set of desired cluster information, the accuracy of 
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the resulting clusters is assessed using the technique described in the following 
section (7.1). 

7.1 Evaluating the Accuracy of Clusters 

The accuracy evaluation of clusters resulted from clustering techniques is not 
straightforward for the following reasons: 

1. The number of clusters identified by the unsupervised clustering technique 
may not tally with the desired (target) number of clusters. This does not 
necessarily imply the failure of the technique. For example, if the number of 
clusters identified is less than the actual number of clusters, one can argue the 
possibility that two or more actual clusters may be very close to each other 
and the clustering technique has decided to merge them into one cluster. 

2. The resulting clusters are fuzzy. In this case, a data can belong to more than 
one group to some extent. Therefore, given the desired cluster information, it 
is still hard to judge the extent to which a point has been classified correctly. 

Let A be one of the desired group in the set of data to be clustered. It is 
reasonable to assume that an accurate clustering technique should be able to 
cluster all data in A into the same cluster. Extending this to fuzzy clustering, we 
have: 

n 

I {CJp)-C;(q)}= 0 Vp,q E A (7.1) 
i=l 

Where n is the number of fuzzy clusters identified, C; is the membership function 
of the /h fuzzy cluster. Based on this assumption, we define the group 
performance index (GPI), illustrated in eqn 7.2 below, as an evaluation criterion in 
this study. 

GPI = :tt {C/p)-C/q)}= 0 (7.2) 
i=l J=l 

where g is the number of desired group or cluster in the data and A; is the ith 
desired group. The criterion measures the extent to which data belonging to the 
same group (according to the desired cluster information) has been clustered into 
the same cluster(s) by the clustering technique. 
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7.2 Petroleom Data 

The data used in the experiments are core data extracted from a geological well. 
The original data has two dimensions: Permeability and lithology classification. It 
is well known that petrophysical properties such as permeability have direct 
relation to the lithology classification [11]. Therefore, the permeability data alone 
can be used as a test set for the clustering techniques while the lithology 
classification can serve as the desired cluster information. That is, the clustering 
technique is first applied on the permeability data and the lithology classification 
is then used to validate the accuracy of the resulting clusters. Table 7.2.1 shows 
some sample data extracted from the dataset. 

Table 7.2.1. Sample data used in this study 

LogK (Permeability) Lithrofacies (Lithology Classification) 

0.236 

0.204 

0.395 

0.479 

0.804 

0.292 

0.673 

2 

3 

4 

5 

6 

As shown in the sample data (table 7 .2.1 ), there are altogether 6 lithology 
classifications in the data. Two sets of data are used in the experiments. There are 
64 data (rows) in the first set of data and 122 data in the second set. 
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7.3 Results And Discussion 

The results of the two experiments are presented in the following two tables (7 .3 .1 
and 7.3.2). 

Table 7.3.1. Results of experiment I 

Histogram Fuzzy Clustering Fuzzy c-Means Clustering with SC 

Number of clusters identified: 6 Number of clusters identified: 4 

Group performance index: 234.65 Group performance index: 162.54 

Table 7.3.2. Results of experiment 2 

Histogram Fuzzy Clustering Fuzzy c-Means Clustering with SC 

Number of clusters identified: 4 Number of clusters identified: 5 

Group performance index: 315.27 Group performance index: 748.68 

In experiment 1, the HFC method is able to identify the correct number of clusters 
but the overall Group performance index (GPI) is worse as compared to FCMC. 
The difference in GPI for the two methods is 72.11. The performance of HFC is 
better for the second dataset. Whereas both the methods failed to identify the 
correct number of clusters in the second experiment, the GPI of HFC is 
significantly lower than FCMC. The difference in GPI is 433.41. 

The results have shown that the difference in performance of HFC and FCMC 
varies across different sets of data. Although the reliability of the accuracy 
measurement technique used in this study (section 7 .1) might be in question, the 
HFC technique has performed better than FCMC on some data. In fact, the results 
in the second experiment have been very encouraging since the HFC has a 
significantly smaller GPI compared to FCMC. 
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Apart from the performance, the HFC method has the following advantages. 

1. It can be easily observed that with HFC, the number of iterations 
involved in identifying the optimal number of clusters and clustering the 
data is far less than FCMC used in conjunction with SC. Therefore, in 
terms of speed and computational complexity, HFC can be more 
efficient. 

2. HFC approximate trapezoidal clusters that can be readily usable in rules 
extraction techniques. 

3. Following from the previous advantage, the trapezoidal clusters 
approximated have the potential advantage of showing the cylindricities 
of the clusters. In general, the longer the plateau of the cluster, the more 
cylindric the cluster is. 

4. HFC is straightforward and easy to implement. 

On the other hand, the obvious disadvantage of HFC is its limitation to clustering 
only one-dimensional data. Whereas HFC can be useful for rules extraction, it is 
not suitable for many real-world clustering problems. In our next paper, the 
possibility of extending HFC to multi-dimensional data clustering will be 
explored. 
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8 Conclusion 

In this study, a histogram-based fuzzy clustering technique (HFC) has been 
proposed. The technique is designed specifically for one-dimensional clustering 
problems that are often encountered in fuzzy rules extraction. HFC is composed 
of two main components: trapezoidal cluster approximation, and bin width 
determination. Both components are straightforward and computational efficient. 

The clustering technique results in trapezoidal clusters that are often readily usable 
for rule extraction. For each trapezoidal cluster, the length of the plateau gives an 
indication of the cluster's cylindricity. This information can be useful to identify 
input variables that have less influence on the output and possibly exclude them in 
the rule extraction process. The cylindricity of clusters is also potentially useful in 
the construction of hierarchical fuzzy rule bases. This will be published in future 
papers. 

Experiments have been carried out with real-world petroleum data to compare the 
effectiveness of HFC and Fuzzy c-Means Clustering (FCMC) used in conjunction 
with the SC technique. As part of the research, an evaluation technique has been 
proposed to measure the accuracy of clusters resulting from the clustering 
technique. The results give a rough indication that the performance of HFC and 
FCMC varies across different sets of data. In some data, HFC can perform 
significantly better than FCMC. 

Recommended future research includes extending HFC to multi-dimensional data 
clustering and validating the reliability of the evaluation technique used in this 
study. 
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